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Two topological spaces X and Y are said to be R-equivalent if each of 
them is homeomorphic to a retract of the other. In this paper, we will 
answer a question raised by K. BoRSUK [1, p. 248]. Among other 
questions, BoRSUK asked whether two R-equivalent spaces which are 
absolute neighborhood retracts (hereafter abbreviated ANR) have iso-
morphic homotopy groups. We will construct two R-equivalent ANR 
spaces for which this question is answered in the negative. 
Let T0 denote the ordinary two-dimensional torus imbedded in Euclidean 
three-space. We denote the outer equatorial circle of T0 by s. and the 
meridian by Sm. We will assume that s. is the unit circle in the x1-x2 
plane. We note that s. is a retract ofT0• Now define for each integer n;;;.O 
Tn = Qn(To) 
where Qn is the transformation given by Qn(x1, x2, x3) = (x1 + 5 · n, x2, x3). 
Let Ln be the segment on the x1-axis defined by 5n + 1 < x1 < 5n + 4 and 
L_1={(x1, 0, O)lx1 < -1}. Then we define 
00 
X= U (Tn u Ln) u L_1 
n~o 
and 
00 
Y === U (Tn u Ln) u (S. u L 0) u L_1 
If p: T0 --+ s. is the retraction of T0 onto s., we extend this to a 
mapping p : X --+ Y by setting 
x _ { p(x), x E T 0 
p( ) - X X,./, T 
' 'F 0 
p is clearly a retraction of X onto Y. If Z is defined by 
00 
Z = U (Tn u Ln) u R u L 0 u L_1 
n~l 
where R={(x1 , x2, 0) EB.Ix2 <0}, then Z is homeomorphic to X. Clearly 
s. can be retracted onto R and holding every other point of Y fixed, 
we obtain a retraction of Y onto Z. Since X is locally ANR (in fact, 
every point has a neighborhood which is an absolute retract) X is ANR 
[2, p. 345] and it follows that Y is an ANR. X and Y are obviously 
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path wise connected. By the above retractions X and Y are· R-equivalent. 
We will now show that X and Y do not have isomorphic homotopy 
groups. The point ( -1, 0, 0) will be considered as the base point for 
both homotopy groups, and with this understood, we will denote the 
fundamental groups by n1(X) and n1(Y). 
We will use the following conventions. The equatorial circle and the 
· meridian in the torus T,. will be denoted by s~n> and S~> respectively. 
Each S~nJ [S~>] determines a unique element of n1(X) or n1(Y) in the 
following manner. Starting at the point ( -1, 0, 0) we trace a path through 
the toruses Tk, k<,n-1 by requiring the path to lie on the part of the 
equatorial circle lying in the half plane x2 < 0, and on T no the path 
describes the equatorial circle [meridian] positively and returns to 
( -1, 0, 0) again by the part of the equatorial circles in Tk which lie in 
the half plane x2 <.,0. If y E n1(X) [~(Y)] is determined by an equatorial 
circle S~nJ or by meridian S~J in the above manner we will write yET!. 
We will call the path described above the toral representative of y. Then 
for each n;;;;. 0 [n> 1] there are precisely two elements y, y' E n1(X) [n1(Y)] 
such that y, y' E T!. The class in n1(Y) determined by s. will be denoted 
by~. We set 
We define 
A 
A,. = U (Tk u Lk) u L_1 
k,;,O 
Kx = {y E n1(X)jy E TZ, 0 < k} 
Ky = {y E~(Y)jy ETZ, 1 < k} u {~} 
KA,. = {y E ~(A,.)Iy E TZ, 0 < k < n} 
then we form the (non-abelian) free groups Rx, Ry and RA with bases ,. 
Kx, Ky and KA respectively. 
" 
Lemma l. n1(A.,) can be obtained from RA,. by the relations (j(J'=(J'(j 
for b, (j' E T;. 
Proof: We consider A,. as a simplical complex. For n=1, the 
assertion in the lemma is obvious. Then by induction, using the theorem 
in [3, p. 179] the result follows immediately. In [3] the base point is 
taken in the intersection of A,._1 and T,., but taking the path along 
equatorial circles in the half plane x2 <.,0 from ( -1, 0, 0) to the inter-
section gives a natural isomorphism and taking the same path (in tho 
opposite sense) to ( -1, 0, 0) yields the result. 
Lemma 2. ~(X) can be derived from Rx by the relations (j(j' = (J' (j 
for (J, (J' E TZ. 
Proof: First we see that Kx generates n1(X). For let a: I_,.. X, 
a(O)=a(1)=( -1, 0, 0)~ Since a(J) is compact, there is a positive integer 
n such that a( I) C A,.. Then the homotopy class [a] determined by a 
in n1(A,.) can be expanded as a product of elements of KA,.• [a]=~ ... (Jk· 
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But a homotopy in A,. connecting a and the product of toral representa-
tives also serves as a homotopy in X where we can regard the elements 
bi determined as elements of Rx. Now we must show that the above 
relations are the only relations. Assume <X1 ... <Xi= 1, <Xi E K X• 1 =identity 
of n1(X). Then there exists an integer n such that the toral representatives 
of the <Xi are all contained in An- Then the relation will persist under the 
obvious retraction of X onto A,., and consequently could have been 
derived from such a relation as given in lemma l. Since the relation 
bb' = b' b is true for b, b' E T! in n1(X) the relation <Xt ••• ai= 1 could 
have been derived from such a relation in n1(X). 
Lemma 3. n1(Y) can be derived from Ry by the relations bb'=b'b 
for b, b' E T!. 
Proof: First we note that A,. can be retracted onto the space 
n 
B,.= U (Tk u Lk) uSe u L0 u L_v and by applying the theorem in [3] 
k~l 
and using induction we obtain n1(B,.) as the free product of M and N, 
where M is the integers and N =n1(A,._1). The proof of lemma 3 then is 
exactly as the proof of lemma 2. Note that n1(Y) has a completely free 
generator, ~-
Theorem: n1(X) is not isomorphis to n1(Y). 
Proof: It follows from lemma 2 that 
n=l 
where ( *) denotes the free product, and Z,., for each n, is the direct 
sum of the integers with itself. Since Z,. is commutative is cannot be 
decomposed as a free product. 
By lemma 3, "" 
n 1(Y),......, (*)Z,.* K 1 
n~2 
where K1 denotes the integers. Now if n1(X):::::::: n1(Y) then by the theorem 
in [4, theorem 7, p. 189], since no factor in either product can be further 
decomposed as a free product, there is a one to one mapping of the index 
sets, k _.,.. nk, such that corresponding factors are isomorphic, and we 
obtain, for some n, Z,.,......, K1 which is a contradiction. This proves that 
n1(X) is not isomorphic to n1(Y). 
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